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ABSTRACT 

T  his  paper  presents  the  development  of  a  piecewise  quadratic  strength  tensor  theory  for  composites  with  orthotropic,  trans¬ 
versely  isotropic,  and  isotropic  material  symmetries.  The  proposed  strength  criterion  improves  the  best  available  quadratic  failure  the¬ 
ory  for  such  composites,  the  Tsai  and  Wu  quadratic  strength  tensor  theory,  by  including  stress  terms  that  can  reflect  different  failure 
mechanisms  of  the  composites  under  tension  and  compression.  To  demonstrate  the  applicability  of  the  proposed  theory  to  composites, 
extensive  and  good  correlations  are  shown  between  the  theory  and  the  biaxial  fracture  data  of  five  composite  material  systems: 
graphite  epoxv.  graphite  particulate,  graphite  aluminum,  glass  epoxy,  and  organic  textolitc  composites. 

INTRODUCTION 

A  multiaxial  strength  (failure)  criterion  is  an  equation  to  be  satisfied  by  the  stress  components  under  which  failure  occurs.  In 
general,  six  stress  components  are  used  to  define  the  stress  state  and  a  strength  criterion  can  be  geometrically  viewed  as  a  failure  surface 
in  the  six-dimensional  stress  space.  The  failure  surface  has  to  be  closed1 -2  to  ensure  that  the  material  strength  is  finite  in  all  directions. 

In  addition,  a  strength  criterion  for  composites  is  required  at  least  to  account  for  the  following  general  material  characteristics:  (i) 
volume  compressibility,  (ii)  differing  tension  and  compression  strengths,  and  (iii)  orthotropic,  transversely  isotropic,  and  isotropic  mate¬ 
rial  symmetries  for  orthotropic,  transversely  isotropic,  and  quasi-isotropic  composites,  respectively. 

As  i.'  well-known,  the  Tsai-Wu  quadratic  strength  tensor  theory  I  satisfies  all  of  the  above  requirements  and  encompasses  all 
other  quadratic  strength  (failure)  criteria  used  for  composites.  For  a  general  anisotropic  solid,  this  theory  can  be  written  as** 

f(0|,)  =  Fj  Oj  +  Fjj  Oj  oj  =  I  .  (i.j.k  =1 . 6)  .  ( 1 ) 

where  f  is  a  scalar  function,  a |<  is  the  contracted  notation  of  the  second  rank  stress  tensor*,  and  Fj  and  Fjj  are  the  strength  tensors  of 
rank  two  and  four,  respectively.  Without  loss  of  generality,  it  is  assumed  that 


In  addition,  constraints  (usually  referred  to  as  the  stability  conditions)  must  be  imposed  on  the  strength  tensor  Fjj  to  ensure  that 
the  material  strength  is  finite  in  all  directions.  More  specifically,  Fjj  must  be  positive  definite: 

F(j  a,  Oj  >  0  .  (3) 

at  all  points  o,  in  the  six-dimensional  stress  space.  Geometrically.  Eq.  (3)  is  a  necessary  and  sufficient  condition  to  ensure  that  the  fail¬ 
ure  surtace  represented  by  the  quadratic  polynomial  of  Eq  ( I )  is  dosed  and  ellipsoidal. 

In  the  biaxial  stress  plane,  the  Tsai-Wu  criterion  represents  a  single  ellipse  In  general,  a  single  continuous  ellipse  cannot  satisfac¬ 
torily  represent  the  biaxial  data  of  composites  in  all  four  stress  quadrants.  To  account  for  the  nonelliptical  characteristics  of  the  biaxial 
fracture  data  of  composites.  Chamis-*  and  Rosen**  suggested  to  use  the  Tsai-Wu  quadratic  criterion  with  different  Fjj  (it^j)  for  different 
stress  quadrants.  Beyond  having  more  coefficients  for  better  data  fit.  there  is  no  physical  or  mathematical  justification. 5  Another 
approach  to  improve  the  Tsai-Wu  quadratic  criterion  for  composites  application  was  to  include  the  cubic  terms  in  Eq.  ( I  ).6.7.8  Here, 
enormous  numbers  of  sixth  order  strength  tensor  components  arc  involved  that  have  to  be  reduced  by  ad  hoc  assumptions.  Moreover, 
having  cubic  stress  terms,  the  failure  surface  becomes  open-ended.  I 

Without  suffering  any  of  these  shortcomings.  Tang  and  Kuei1*  improved  Tsai  and  Wu's  theory  in  correlating  the  biaxial  strength 
data  of  (monotonous)  polycrystalline  graphite,  which  show  similar  nonelliptical  characteristics  to  composite  data.  Recognizing  the  fact 
that  such  characteristics  may  be  due  to  different  fracture  mechanisms  being  operative  under  different  states  of  biaxial  stresses  with  dif¬ 
ferent  combinations  of  tensile  and  compressive  stresses. ' d  they  added  to  the  Tsai-Wu  criterion  the  quadratic  stress  terms  with  the  abso¬ 
lute  value  of  the  linear  combination  of  stress  components.  The  resulting  piecewise  quadratic  strength  tensor  theory  can  be  written  as 


*The  author  gratefully  acknowledges  the  financial  support  from  Space  and  Naval  Warfare  Systems  Command  under  Independent 
Research  Program  He  is  also  thankful  to  Mr  R.P.  Johnson  for  his  assistance  in  preparing  the  curve-fitting  and  plotting  results 
presented  in  this  paper, 

••Unless  otherwise  indicated,  the  usual  summation  convention  over  a  repeated  index  is  used  throughout  this  paper. 

•With  reference  to  a  rectangular  Cartesian  coordinate  system  (i.e  .  xy ?  or  equivalently,  X|X2X3  system):  a |  =  ox.  <72  -  °y-  °3  r  °i • 
°4  =  °xy  °5  =  <V  °6  =  °zx 


I*''  . 


mm® 


(4) 


t(ak)  =  F,  Oj  +  Fjj  CT|  oj  ♦  FI,  Oj  j  Hj  oj |  -  I  .  (i.j.k  -  1 . 6)  , 


■a  here  FI,  is  a  second  rar.k  tensor 


The  above  equation  holds  for  a  general  anisotropic  material  I  ang  and  Kuei  then  reduced  all  the  results  pertaining  to  the  aniso¬ 
tropic  material  to  a  transversely  isotropic  and  an  isotropic  graphite  and  demonstrated  good  correlations  between  the  theory  and  the 
biaxial  fracture  data  of  graphite. 

In  view  of  such  good  correlations  with  biaxial  graphite  data  which  show  similar  nonelliptical  characteristics  to  composite  data,  it 
was  proposed  that  the  piecewise  quadratic  strength  tensor  theory  be  developed  for  composites.1 1 

PIECEWISE  Ql  ADRAT1C  STRENGTH  TENSOR  THEORY 


Presented  below  are  the  general  results  pertaining  to  the  proposed  piecewise  quadratic  strength  tensor  theory  for  composites, 
including  general  anisotropic,  orthotropic,  transversely  isotropic,  and  isotropic  materials.  The  results  contain  the  explicit  expressions 
for  the  strength  criteria  of  materials  with  various  material  symmetries,  the  restrictions  imposed  on  the  components  of  the  strength  ten¬ 
sors  occurring  in  these  criteria,  and  the  geometric  meaning  of  these  criteria. 

AN  ISO!  ROPIC'  M  ATFRI  A1 

I  he  proposed  multiaxial  strength  criterion  for  a  general  anisotropic  material  was  given  in  Eq.  (4)  with  Fjj  being  assumed  sym¬ 
metric  as  shown  bv  Fq.  (2).  With  this  assumption,  there  are  6  independent  strength  tensor  components  for  each  of  Fj  and  H,.  and  21 
lor  F,|  These  numbers  for  a  general  anisotropic  material  can  usually  be  reduced  substantially  for  a  materia!  having  a  certain  material 
symmetry.  Such  reductions  will  be  shown  in  the  next  three  subsections. 

Equation  ( 4 )  can  be  decomposed  into  two  equations: 

F|  °i  *  I  F , j  ♦  Hj  Hj)  Oj  (7j  =  I  .  ( 


lor  all  i j ,  with 


H  j  at  0 


l|0,  ME,,  11,11,1  0,0,=  I. 


lor  ;ili  o(  \s it h 


HiV'° 


i  he  Mabiiii>  conditions  to  ensure  the  closure  of  each  of  the  failure  surfaces  represented  by  F.qs.  (5)  and  (7),  respectively,  are 


>r  all  (i  sutiNt\ing  Kj  and 


"'u  H,  11,10,0,  X)  . 


bn  all  0  satisfying  Eq.  (K(.  Clearly.  F.qs.  (9)  and  ( 10)  arc  the  stability  conditions  required  to  ensure  the  closure  of  the  entire  piecewise 
failure  surface  represented  by  Eq.  (4). 

Geometrically,  the  failure  surfaces  represented  by  Fqs  (5)  and  (7).  respectively,  with  the  restrictions  made  by  Eqs.  (9)  and  (10) 
on  the  strength  tensors  Fjj  and  H,  arc  two  ellipsoids  in  the  two  half  spaces  defined  by  Eqs.  (6)  and  (8).  Thus,  the  failure  surface  repre¬ 
sented  by  Eq.  (4)  with  the  strength  tensors  F,j  and  Hj  satisfying  the  stability  conditions  given  by  Eqs.  (9)  and  (10)  is  a  piecewise  ellip¬ 
soid  in  the  six-dimensional  stress  space.  Hence,  the  proposed  quadratic  strength  tensor  theory  has  been  referred  to  as  the  piecewise 
quadratic  strength  tensor  theory 

OR  I  HOT  ROPIC  MATFRIAF 

For  an  orthotropic  material  with  the  reference  coordinate  planes  coinciding  with  the  planes  of  material  symmetry,  based  on  the 
invariance  requirements  I  -  of  orthotropy  material  sy  mmetry,  the  stress  dependent  function  f  in  Eq.  (4)  must  be  expressible  as  a  poly¬ 
nomial  in  the  seven  quantities:  n\.  ov.  03.  04’.  050  of, 04050*,  (or  alternatively.  I3).  where  1 3  is  a  stress  invariant  given  by 

lq  =  0| 1  ♦  02 1  *  03 1  *  To I  (04“  *  0(,‘l  *  70s  (04“  *  05')  ■*  3oy  (05'  *  Of~)  *  6  04  0<j  Of,  (II 


ms® 


ai.  iu  >♦-  I'MbI'M  Im  thf  Mat  ia*  |> 


u 


3 


Hence,  the  explicit  expression  for  the  quadratic  function  (  defined  by  Fq.  (4)  can  he  given  in  terms  of  the  above-mentioned  quantities  as 

■y  y 

f  =  F  ;  -j  +  Fs  as  *  F,  a,  +  Fj  |  o j-  +  2F|2  Oj  n2  +  2F  |  3  <T|  a,  *■  F22  «2~  <■  2F2,  os  03  *  ( 3303- 

+  F44  °4~  +  F55  05“  +  F^  Ofr-  +  ( H  |  0|  +  H2  01  +  H,  o,)|  H  |  O]  +  Hs  o2  +  H,  0,1  =  I  (12) 

Comparing  Eq.  i !-')  with  tq.  (4V  it  can  he  seen  that 

F'4  =  *5=  Fft  =  0-  H4=  HS  =  H6  =  0. 

F  14  =  F 15  ‘  FI6  -  F24  =  f25  ~  F26  *  F34  =  F55  =  F36  '  F45  =  F46  =  F56  -  0  •  ( 131 

With  the  above  results,  it  is  clear  that  there  are  only  three  independent  strength  tensor  components  for  each  of  Fj  and  H,  ( i.e. . 

(F  |.  F2.  F3I  and  (Hj,  FIs.  FI3)).  and  onlv  nine  for  Fjj  (i.e..  F|  |.  F'22-  F33.  F44.  f'55.  F(,f,.  F7|2.  F23.  F 1 3).  As  noted  earlier,  the  numbers 
of  independent  strength  er  components  for  a  general  anisotropic  material  have  been  substantially  reduced  due  to  orthotropy  mate¬ 
rial  symmetry. 

The  strength  constants  mentioned  above  are  not  free  material  parameters  because  they  are  restricted  by  the  stability  conditions: 
l  qs.  id)  and  ( 10).  For  an  orthotropic  material,  using  Eq.  (13).  the  independent  restrictions  on  F-jj  and  Hj  can  be  obtained  as 

F  j  |  ±  H  ,2  >  0  .  Fr,  ±  Hs2  >  0  .  F33  ±  H  ,2  >  0  .  F44  >  0  .  F55  >  0  .  F66  >  0  . 

( F 1 1  ±  H|2)(Fs2±  Hs2)  (F|2±  H|  H2)2>0.(  Ess  ±  H2“)  ( F33  2:  H  ,2)  ( Fs,  ±  Hs  H  3)“  >  0  . 

(F,,-  H32)  IF, ,  ±  H,2)  ( F  j  3  ±  H  |  H,)2>0. 

( F 1 1  ±  H  |2)  ( F22  ±  FFs-)  ( F  33  ±  H32)  +  2  (  Fj2  ±  Hj  H2)  (F2,  ±  H2  H  3 )  ( F  ]  3  ±  H  |  H  3 ) 

(Fn  ±  H,2)(F2,  ±  H2  H,)2  (F->2  ±  H22)  ( F 1 3  ±  H  |  H  3  )2  ( F„  ±  H,2)  ( F,2  ±  H ;  H2)2  >  0  .  (14. 1 

IRASSVF  R SFI  Y  ISOTROPIC  MATERIAL 

For  a  transversely  isotropic  material  with  the  X3  axis  being  parallel  to  the  axis  of  rotational  symmetry,  based  on  the  invariance 
requirements^-  of  the  transverse  isotropy  material  symmetry,  the  function  I  in  Fq.  (4)  must  be  expressible  as  a  polynomial  in  the  five 
quantities.  1 1 ,  |2.  i 3.  03.  and  as2  +  afc.  where  1 1  and  l2  are  stress  invariants  given  by 

1 1  =  a |  ♦  as  +  03  .  I2  =  (0| 2  -  a22  +  a,2)  *  2  (a42  +  cry2  ♦  0(~)  .  ( 15) 

and  I,  is  the  stress  invariant  given  by  Fq.  (II).  Thus,  the  quadratic  function  I  defined  by  Eq.  (4)  ean  be  expressed  as 

I  =  a()  l|  -s  aj  03  +  [b0  l|2  +  b|  lj  03  ♦  b2  O}2  +  b2  l2  +  b4  (cry2  +  Of,2)]  +  (cq  1 1  +  C|  03)  |cq  1 1  +  C|  03!  =  1  .  (Id 

A  comparison  of  Fq.  (16)  with  Fq.  (12)  using  Fqs.  ( 15)  and  (II)  leads  to  the  following  results  for  the  non  vanishing  strength  tensor 
components. 

F  I  =  F  s  =  a{)  .  F,  =  af)  *  a  |  .  H  |  =  H  2  -  c() .  H  3  =  c0  ♦  c ,  .  F ,  |  -  F22  =  b()  +  b,  .  F,,  =  b()  +  b,  +  b2  +  b,  . 

b, 

f44  “  2b3  -  21  f  1 1  F 12*  -  F55  ;  F66  "  2F3  +  hq  .  F  12  -  b«  .  f23  :  F 13  =  b()  +  ^  (I) 

Substituting  these  results  into  Fq.  (12).  the  expression  for  f  in  Fq.  (4)  becomes 

I  -  F  |  (<J|  ♦  as)  *  F,  03  ♦  F  1 1  (0 1 2  +  a,2  ♦  2o42)  *  F33  o,2  +  F55  (ay2  +  Of,2)  ♦  2F|2  (0|  o2  o42) 


*  2F  | ,  (a  |  *  Oslo,  ♦  [  FF  |  (o |  ♦  os)  *  FF ,  o,]i  FF  |  (a|  ♦  as)  ♦  FI ,  o,|  -  I  .  (I 

From  Fq  ( I?)  nr  Fq  I  IK),  it  is  clear  that  there  are  only  two  independent  strength  tensor  components  lor  each  of  I  j  and  Hj  (i.e..  (I|. 
F3)  and  (  H  | .  H  3))  and  only  five  lor  F , j  (1.0.  F- 1  | .  F 3 3 .  F  s5-  F  |2,  F|  3).  1  he  independent  stability  restrictions  on  these  strength  con¬ 
stants  can  be  obtained  by  substituting  F q .  (17;  into  F  q,  (14)  as 

F  |  j  *  F  |2  i  2H  | ~  >  0  .  F  |  j  F  |2  >  0  .  F33  ±  FF  42  >  0  . 


( F  33  3.  H,-)  (F  1 1  -  F|2±  2H  ,“)  2(F|,  ±  FI,  IF,)-  >  0  .  F-yyXI 


xWiW)!»illl(lll!»»^ 


1SOI  ROl’Il  M  A  I  E  R I A I 


(  or  an  isotropic  material,  based  on  the  invariance  requirements'  -  ol  the  isotropy  material  symmetry,  the  stress  dependent  func¬ 
tion  t  defined  in  Eq  1 4)  must  he  espressihle  as  a  polynomial  in  the  stress  invariants  1 1 .  In.  and  1 3  defined  in  Eqs.  ( 15)  and  (II).  In  light 
o!  this  and  lolloping  the  similar  derivations  of  the  last  subsection,  the  expression  for  I  defined  by  Eq.  (4)  can  be  obtained  as 

I  -  1  |  1 1  *■  E  j  |  li  +  Ep(l|“  1 2  >  +  H  |  1 1 !  H  j  1 1  [  -  I  .  (20] 


E  |  -  Es  -  E  ,  .  H  |  =  Hs  -  H  r  .  E  1 1  -  Eis  -  E'33  -  ^44  -  *"55  :  f’66  ”  -<E  1 1  •"  |2*  •  E  12  '  I“23  :  1  1 3  (21  * 

Furthermore,  the  independent  stability  conditions  on  the  four  independent  strength  tensor  components  (i.e  E;  H ;  Fi  j.  and  F J 2)  f°r 
an  isotropic  material  are 

E  ! ,  -  E  |  s  ±  2 El  | 2  >  0  .  E  |  j  E  ,  a  >  »  .  ( E , ,  ±  H  ,2)  (E , ,  +  E I2  ±  2H  ,2)  2(E  |2  ±  H  ,2)2  >  0  .  (22) 

GENERAI  REMARKS 

Along  with  the  developments  made  so  lar.  the  following  should  be  clear. 

(I  I  I  he  numbers  of  independent  strength  tensor  components  for  anisotropic,  orthotropic,  transversely  isotropic,  and  isotropic 
materials,  respectively,  are  33.  I  5.  9.  and  4  in  the  proposed  theory  and  27.  1 2.  7.  and  3  in  the  Tsai-Wu  theory. 

'  ’)  When  Hj  (i  =  I.  .61  are  all  vanishing,  th:  proposed  theory  degenerates  into  the  Txa'-Wn  theory  and  various  results 
obtained  in  this  section  reduce  to  the  corresponding  results  for  Isai  and  Wu's  theory. 

1 3 1  In  the  six-dimensional  stress  space,  the  proposed  criterion  represents  a  piecewise  ellipsoid  made  of  two  ellipsoids  in  two  half 
spaces,  whereas  the  I  sai-Wu  criterion  represents  a  single  ellipsoid. 

PROPOSED  Bl AXIAI.  STRENGTH  CRITERION 

I  o  facilitate  the  correlations  of  the  proposed  theory  with  the  biaxial  fracture  data  on  composites,  results  obtained  in  the  last  sec¬ 
tion  for  a  general  multiaxial  stress  state  are  reduced  in  this  section  for  a  biaxial  stress  state: 


0  |  0 . 03  ^  0 . 01  -  04  r  05  =  0^  : 


AN  ISO  I  ROPIO  MAIERIAI 


Substituting  Eq.  (23)  into  Eq.  i4t.  we  obtain 


1  =  E  |  <7|  *  E3  53  M  1 1  0|“  +  E33  032  *  2E 13  o|  03  *  (H  |  <T|  +  H3  03)!  H  |  <j|  +  H3  03!  =  1  .  C 

which  is  the  desired  biaxial  strength  (failure)  criterion  for  an  anisotropic  material 

I  sing  Eq  (24).  the  stability  conditions  on  the  seven  strength  constants  (E  |.  E  3.  E  |  | .  By 3.  E| 3;  H  |.  H 3 )  appearing  in  Eq.  (24) 
can  be  obtained  as* 

I  ||  T  H  | '  >  P  .  ( E  1 1  ±  H  |  -)  ( f  337:  113-)  ( I  1 3  7  H  j  H  3)“  >  0  .  (. 

w  Inch  arc  a  subset  of  the  stability  conditions  given  by  Eqs.  (9)  and  ( 10)  for  a  general  multiaxial  stress  state. 

Geometrically.  Eq.  (24)  with  the  strength  constants  satisfying  the  stability  conditions  given  by  Eq.  (25)  represents  a  piecewise 
eli.pse  in  the  biaxial  stress  plane.  This  piecewise  ellipse  is  made  of  a  single  ellipse  represented  by 

I  ;  E  1  0 1  -  f  3  03  -  ( E  j  |  »  H  |~l  0| -  *  (E 33  ♦  H 3“)  03“  *  2( E  |  3  +  H  |  H  3)  <J|  03  =  I  ,  (■ 


in  the  hall  nlarie 


II I  0|  *  H3  03  ?  0  . 


’  Alternatively.  Eq.  (25)|  can  be  replaced  by  E33  1  My2  >  () 


% 


a 


c 


and  another  single  ellipse  represented  b\ 

f  =  l:|  0|  +  K}  03  +  ( I  |  j  H|“)oj‘+(K^3  Hj")  2(Fp  H  j  H  j)  a  (  =  1  .  (2K) 

in  the  halt  plane 

H  |  a  |  ♦  H  ^  a  ^  <  0  .  ( 29 ) 

OR  INOTROPIC  AM)  1  RANSY FRSF l  V  ISO  I  ROP1C  MAIT R 1 A I  S 

The  biaxial  strength  criteria  tor  an  orthotropic  material  and  a  trans\ersel\  isotropic  material  can  be  obtained  by  substituting 
Fq.  (22)  into  Fqs.  ( 12)  and  ( INK  respectively  I  he>  are  found  to  be  identical  to  Fq.  (24)  tor  an  anisotropic  material.  Consequently,  the 
stability  conditions  on  the  se\en  strength  constants  (F|.  by.  F|  |.  I  33.  Fj  rij.  H  V)  un  an  orthotropic  ora  transversely  isotropic 
material  are  also  identical  to  Fq.  (25)  for  an  anisotropic  material. 

ISOTROPIC  MATERIAI 

Substitution  of  the  biaxial  stress  condition  given  b>  Fq.  (22)  into  Fq.  (20)  and  use  of  Fqs.  (II)  and  ( 15)  lead  to  the  biaxial 
strength  criterion  for  an  isotropic  material  as 

•>  t 

t  -  F  j  ( a  |  ♦  n  ^ )  *  l  1 1  ( o  j "  +  o  )  ♦  2  F  |  t  a  j  n  ^  +  H  |  { a  |  ♦  o  ^ )  |  H  |  ( o  |  v  o  ^ ) !  -  i  ( 20 ) 

l  sing  Fq  (20).  the  stability  conditions  on  the  tour  strength  constants  (F  j;  F  \  \.  F  js.  H  ] )  appearing  in  Fq.  (20)  can  be  obtained  as 

f; I  j  ♦  f- 1 t  -  - H  | “  >  0  .  F ,  |  h  | t  >  0  .  (31) 

which  constitute  only  a  subset  ot  the  stabiluy  conditions  given  by  Fq.  (22)  fora  general  multiaxial  stress  state 
Rf  MARKS  OS  COMPARISON  \VI  I  H  ISAI-W l  S  HI. AXIAL  C  R I  1 1  RIOS 

I  o  facilitate  the  comparison  between  the  proposed  and  the  I  sai-VVu  biaxial  criterion  in  correlating  the  biaxial  fracture  data  ol 
composites,  the  following  remarks  arc  collected  here: 

111  As  compared  with  the  Tsai-Wu  biaxial  criterion,  the  proposed  biaxial  criterion  contains  only  2.  2.  and  1  additional  strength 
constants  for  orthotropic,  transversely  isotropic,  and  isotropic  materials,  respectively. 

(2)  As  remarked  earlier,  when  all  the  components  of  the  strength  tensor  Hj  are  set  vanishing,  all  the  results  obtained  in  this  sec¬ 
tion  degenerate  into  those  pertaining  to  the  Tsai-Wu  theorv 

If)  In  the  biaxial  stress  plane,  the  proposed  biaxial  criterion  represents  a  piecewise  ellipse  consisting  ot  two  ellipses  in  two  hall 
planes,  whereas  the  Tsai-Wu's  biaxial  criterion  represents  a  single  ellipse. 

(  OR R FI  AT  IONS  WIFH  BIAXIAI  FRAC'T  t'RF  DA  I  A  OF  COMPOSIIFS 

I  o  demonstrate  the  applicability  of  the  proposed  piecewise  quadratic  sirengih  tensor  theory  to  composites,  comparisons  are 
made  in  this  section  between  the  proposed  theorv  and  the  available  biaxial  fracture  data  on  composites  I  hose  data  cover  a  wide  spec¬ 
trum  of  composite  material  systems  graphite  epoxy. U  graphite  particulate. ^  graphite  aluminum. ^  glass  epox\J5.lb.l7  an(j  organic 
liber-reinlorccd  textolite  ^  I  hey  were  all  obtained  from  tubular  specimens  subjected  simultaneously  to  an  axial  load  and  interna! 
and  or  external  Hind  pressure,  except  those  on  graphite  aluminum  unidirectional  composite  which  were  obtained  Irom  llat  cruciform 
specimens  under  biaxial  in-plane  loadings.  In  correlating  the  data  for  tube  specimens,  the  circumferential  tie.,  tangential)  direction  will 
be  designated  as  the  direction  for  x  ti  e.,  x ))  axis  and  the  direction  along  the  axis  of  the  tube  as  the  direction  for  ;  (i.e  ,  xy)  axis.  For  the 
flat  cruciform  specimens,  the  Tiber  and  its  perpend  "‘••lar  directions  w  ill  be  identified  as  the  directions  lor  x  and  /  axes,  respectively  . 

Also,  to  show  the  improvements  of  the  proposed  theory  over  the  Tsai-Wu  theory,  comparisons  are  made  between  the  two  theor¬ 
ies  lo  these  comparisons.  Fq.  (30)  of  the  proposed  theory  and  its  degenerated  version  for  the  I sai-Wu  theory  are  used  for  [0  90  0  90]s 
graphite  epoxy  laminate  which  is  treated  as  an  isotropic  material,  while  Fq  (24)  ot  the  proposed  theory  and  its  degenerated  version  lor 
the  !  sai-Wu  theory  arc  used  lor  other  composites  which  are  either  transversely  isotropic  (graphite  particulate)  or  orthotropic  (the  rest 
ot  composites). 

tables  I  and  II.  respectively,  present  the  strength  constants*  lor  the  Fisc  composite  systems.  Icast-square-fitted  by  the  above- 
mentioned  equations  pertaining  lo  the  Tsai-W  u  theory  and  Ihc  proposed  theory,  without  violating  the  appropriate  stability  restrictions 
on  the  Fitted  strength  constants 

*ln  presenting  the  strength  constants  lor  the  quasi-isotropie  graphite  epoxy  laminate,  the  rc-ults.  F- 1 o  =  F|  v  of  Fq.  (2I)|()  1 1  have 
been  used 


LM  ’  up.*  Jk.  JYi  mK*  *Vi  JLi.. jb-i  m.  hT mi  K.yVk  ffli  mmJL. 


ww 


Figures  I  to  1 1  present  the  correlations  of  the  proposed  theory  and  the  Isai-Wu  theory  with  the  biaxial  fracture  data  of  various 
composites 

11)  0-deg  graphite  epoxy  lamina  I-1  (Fig.  I )  : 

(2)  [0  u()  0  90 Js  graphite  epoxy  laminate'-'  (Fig.  2)  . 

(3)  I  I -50  graphite-based  refractory  particulate  composite  with  the  longitudinal  axis  of  the  test  specimens  being  parallel  to  the 
symmetry  axis  of  the  matcri-l'"  (Fig.  3)  ; 

(4)  1  mdirectional  graphite  aluminum  composite'1*  (Fig  4)  . 

(5)  Satin-  and  linen-weave  glass-reinforced  plastics  with  the  fill  direction  of  the  material  coincident  with  the  direction  of  the 
tubular  test  piece  axis '  5  ( F i g> s .  5.  h)  ; 

i o.i  Circumferentially  wound  unidirectional  glass  epoxy  laminate'^’  (Fig.  7)  . 

(7)  [90  ±30  90]  glass  fiber  reinforced  laminate'^  (Fig.  K)  ; 

(M  Cross-ply  glass  epoxy  laminate  with  the  first  and  the  third  layers  being  oriented  along  the  circumference  and  the  second 
layer  along  the  tube  axis'7  ( Fig.  9)  ; 

(9)  Helically  wound  glass  epoxy  laminate  with  the  fiber  reinforcement  orientation  at  an  angle  of  ±  45°  to  the  tube  axis'^ 

( Fig.  10)  . 

(Ill)  Organic  lextolite  with  the  fill  direction  ol  the  reinforcing  fabric  coincident  with  the  tube  axis  direction (Fig.  II). 

For  the  data  presented  in  Figs.  I.  5.  6.  7.  10.  and  I  I.  which  possess  elliptical  characteristics,  both  theories  correlate  equally  well. 
For  ihe  data  presented  in  Fig.  2.  the  proposed  theory  correlates  better  than  the  Tsai-Wu  theory  and  predicts  significantly  different 
results,  at  least  in  the  third  li.e..  compression-compression)  stress  quadrant,  from  the  1  sai-Wu  theory.  For  the  data  presented  in  Figs.  3. 
4.  x.  and  9.  which  possess  nonelhptical  chracteristies.  the  proposed  theory  shows  significant  improvements  over  the  Tsai-Wu  theory  in 
the  correlations 

CONCFl  SIONS 

Good  correlations  between  the  theory  and  the  biaxial  fracture  data  have  been  demonstrated  for  all  five  composite  material  sys¬ 
tems  graphite  epoxy,  graphite  particulate,  graphite  aluminum,  glass  epoxy,  and  organic  textolite.  Furthermore,  significant  improve¬ 
ments  ol  the  proposed  theory  over  the  Isai-Wu  theory  have  been  shown  for  the  cases  where  the  biaxial  data  have  nonelliptical  charac¬ 
teristics  From  these  results,  the  following  conclusions  are  reached: 

( 1 1  I  he  proposed  piecewise  quadratic  strength  tensor  theory  is  applicable  to  the  composites. 

12)  I  he  proposed  theory  can  significantly  improve  I  sai-Wu's  quadratic  strength  tensor  theoiy  for  composite  applications. 
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